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Abstract
In this paper we prove the weak p-part of the Tamagawa number con-
jecture in all non-critical cases for the motives associated to Hecke char-
acters of the form ϕaϕb where ϕ is the Hecke character of a CM elliptic
curve E defined over an imaginary quadratic field K, under certain re-
strictions which originate mainly from the Iwasawa theory of imaginary
quadratic fields.
1 Introduction
The Tamagawa number conjecture for a variety X over a number field of Bloch
and Kato [5], or, more precisely, for a motiveM of pure weight w over a number
field, describes the special values of the L-function in terms of cohomological
data (see for example Kato [19] or Fontaine and Perrin-Riou [11]) and the p-
part of the conjecture describes these values up to units in the ring Z(p) := {ab ∈
Q|a, b ∈ Z, b 6= 0, (b, p) = 1}.
Recall that the special values of an L-function are the leading coefficient of
Taylor expansion at integer points. Suppose we have a motive M of weight
w such that it’s L-function has meromorphic continuation and satisfies the ex-
pected functional equation. We say that an integer m < w2 is non-critical if
L(M,m) = 0 and that it is critical if L(M,m) 6= 0. We extend this definition to
the integers m > w2 +1 by saying that m is critical for M if w−m+1 is critical
for Mˇ the dual motive associated to M , and non-critical for M if w − m + 1
is non-critical for Mˇ . The Tamagawa number conjecture can be formulated
in terms of period maps (period integrals nor p-adic periods appears) and reg-
ulator maps ([10],[19]), but in the non-critical situation it can be formulated
for almost all non-critical cases (using the hypothetical functional equation and
good compatibilities) without the period maps, where by period map we mean
a map between de Rham to Betti cohomology and for the p-adic period a map
between e´tale cohomology to de Rham cohomology (see [19, §2.3]).
There are few cases proved in the non-critical situation: for the Riemann
zeta function ([5, §6]), for Dirichlet motives ([6], [17]), for CM elliptic curves
defined over the field of the endomorphism ring ([22]) or defined over Q ([5, §7],
[1]).
∗Work partially supported by BFM2003-06092
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The weak p-part of the Tamagawa number conjecture for an elliptic curve E
with CM by K defined over the field of endomorphisms, proved by Kings [22],
is related to the weak p-part of the Tamagawa number conjecture for the L-
function of the Hecke character ϕ, associated to E, over the imaginary quadratic
field K of class number 1. More precisely, Kings proves in [22] the conjecture
for the motive h(ϕ)(−r) with r ≥ 0 which corresponds to the special value
(non-critical) for the L function associated to ϕ at −r, where h(ϕ) is the motive
associated to ϕ over K with K-coefficients. As a consequence, he obtains the
conjecture for the motive h1(E)(−r). Using the functional equation for E and
good compatibilities one should obtain the conjecture for h1(E)(r + 2). We
generalize the methods of Kings to other Hecke characters over an imaginary
quadratic field K in the non-critical situation.
We consider the motive associated to the Hecke character ϕaϕb with a, b ≥ 0,
which has weight a + b. It is known that almost all the non-critical values for
this motive are the integers lower than min(a, b). Our work is concentrated in
this situation, but we remark that there are results on the Tamagawa number
conjecture in the critical situation (Harrison [16], Guo [14], Kimura [23], Han
[15] and in greater generality by Tsuji [27]).
The aim of this paper is to prove the p-part of the Tamagawa number con-
jecture (under the formulation in [19, §2.2]) for all the non-critical values for
the L-function of the motive associated Hecke characters ψθ of an imaginary
quadratic field K with class number 1, which under a fixed embedding corre-
sponds to ϕaϕb.
The main results of this paper are Theorems 5.12,5.13 and Theorems 6.3,
6.4. These results are the weak p-part of the Tamagawa number conjecture
for the geometric object associated to the Hecke characters over K with a 6≡
b(modulo(#O∗K)) withK orQ-coefficients, under certain restrictions which orig-
inate mainly from Iwasawa theory of imaginary quadratic fields, where O∗K
means the invertible elements of the ring of integers of K. See the last section
for numerical examples.
To obtain these main results, we study in detail the image with respect to
the regulator map of a certain non-trivial submodule of some K-theory group.
The basic ingredients used in the proof of these results are Deninger’s proof
of the Beilinson’s conjecture for Hecke characters in [8], the specialization of
the polylogarithm sheaf [22] and the Iwasawa main conjecture for imaginary
quadratic fields [24], as in [22]. This paper need to deal with negative twists.
This problem does not appear in [22]. For negative twists, we modify Deninger’s
elements [8] in order to apply the p-adic techniques of [22].
The results of this paper generalize the results in [2, Chapter 3] which re-
stricts to the Hecke characters ϕm.
2 The motive associated to Hecke characters
Let K be an imaginary quadratic field with class number cl(K) equal to 1 and
OK be its ring of integers. Let DK be the discriminant of K. Let E be an
elliptic curve over K with CM by OK . In this section we describe some pure
motives coming from a self product of the motive h1(E) and their realizations,
and we prove that the L-functions associated to these motives correspond to
Hecke characters. We obtain finally an analog for these motives of a result of
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Deuring for CM elliptic curves.
Let p be an odd prime, fixed once and for all, such that E has good reduction
for all primes over p. Let S
′
be the set of places that divide the conductor of
the elliptic curve f (that are the same places where E has bad reduction) and
the places that divide p.
Let ϕ : IK → K∗ be the CM character associated to the elliptic curve
E where IK is the ide`les of K. Denote by Tw := ⊗wQK with w a positive
integer. Observe that Tw is equal to a product of fields
∏
θ Tθ, where θ runs
through the Aut(C)-orbits of ג = Hom(Tw,C), θ ⊆ ג. Let eθ be the idempotent
corresponding to Tθ of Tw.
Define the CM character
ψ
θ
: IK → T ∗θ
by ψ
θ
= eθ · (⊗wϕ), and denote by fθ the conductor of ψθ. Observe that fθ|f
since ψ
θ
is a sub-representation of ⊗wϕ.
Let us fix once and for all an embedding K → C like in the last paragraph
on [8, p.132].
We have a natural embedding U
K → ⊗wK → Tw → Tθ
where the first map corresponds to the diagonal map.
For any ϑ ∈ θ which its orbit in ג is equal to θ, we have a map ϑ : Tw →
ϑ(Tw) ⊆ C inducing an isomorphism Tθ = Tw/ker(ϑ) → ϑ(Tw), and ϑ(Tw)
is the field generated by λ1(K) · . . . · λw(K) where λi ∈ Hom(K,C), which is
isomorphic to K.
Define by θK the subset of θ which contains the ϑ ∈ θ which orbit is equal
to θ such that Tθ = Tw/ker(ϑ) → ϑ(Tw) ⊂ C is in HomK(Tθ,C) for the
natural embedding U. In our case θK contains only one element. Let be ϑ =
(λ1, . . . , λw) ∈ ג, we set aϑ = #{i|λi ∈ HomK(K,C)} and bϑ = w − aϑ. The
infinite type of ψ
θ
is defined by (aθ, bθ) := (aϑ, bϑ) where ϑ is the element in
θK . Observe that θ only contains two elements, the element of θ different for
ϑ = (λ1, . . . , λw) ∈ θK is (λ1, . . . , λw) where λi denotes the composition of λi
with the complex conjugation.
Consider the category of Chow motives M(K) over K with morphisms in-
duced by graded correspondences in Chow theory. We have then a natural
covariant functor h from the category of smooth and projective varieties over
K to M(K). Then the motive h(E) of an elliptic curve E over K has a de-
composition with respect to the zero section h(E) ∼= h0E ⊕ h1E ⊕ h2E, where
h0E = h(Spec(K)) and h2E = h(Spec(K))(−1). We can also consider the cat-
egory MQ(K) which consist of the same objects but tensoring by Q the group
of morphisms.
The motive h1E has multiplication by OK . Consider then the motive
⊗wh1E, has multiplication by Ow := ⊗wZOK . Then ⊗wh1EQ has multiplication
by Tw. Notice that eθ is not integral in general for w > 1, but is contained in
OK [1/DK]. Let’s denote by
Mθ := eθ(⊗wh1(E)Q ⊗OK OK [1/DK ]),
considered as an motive with coefficients in OK [1/DK ], and by MθQ its image
in MQ(K). As λi ∈ {λ, λ} where λ is the fixed embedding of K in C, and
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λi(OK) = OK , we have then that eθ(⊗h1(E) ⊗OK OK [1/DK ]) ∈ M(K) has
multiplication by Oθ := eθ(Ow ⊗OK OK [1/DK ]), and MθQ has multiplication
by Tθ ∼= K.
Our objective in this section is to study the p-adic and Betti realizations of
this motive Mθ, called Hecke motive, and to determine its L function.
There are at least three equivalent notions of a Hecke character, see [12,
p.48]. One is the notion of CM-character used above, [12, p.48, definition 2].
For Hecke L-functions and the Galois group action on the p-adic realization
associated to the Hecke motive, we use the notion of a character which is trivial
on K∗ and with image in some ide`le group, ψθ : IK/K∗ → ITθ [12, p.48,
definition 3]. The associated complex Hecke character, in order to define the
Hecke L-function, is constructed from ψθ by taking the archimedian places of
ITθ which correspond to the fixed immersion of K in C in our situation, which
we also call ψθ. The character constructed from ψθ by taking the components
of the places of ITθ above p is called ψθ,p and is related with the Galois action
on the p-adic realization associated to the motive. The character ψθ,p factors
through Gal(Kab/K) and has image in (Tθ ⊗Zp)∗. We will use the term Hecke
character when we want to consider this second notion from now on. The third
notion [12, definition 1,p.48], corresponds to certain map ψ˜θ : Ifθ → T ∗θ , where
Ifθ is the ideal classes of K prime to fθ. So, if p is a prime ideal of OK prime to
fθ, we mean for ψθ(p) or ψθ(p) the value of the Hecke character or CM character
at the ide`le which has an uniformizer pi at the place p and 1 in the other places.
We have ψθ(p) = ψθ(p) = ψ˜θ(p) (see [12, p.49-50]).
The p-adic realization of the motive MθQ(w) is, by definition, H
w
et(MθQ ×K
K,Qp(w)) and we denote it by MθQp(w).
Lemma 2.1. Let p be a prime such that p ∤ DK . The integral p-adic realization
of Mθ(w), H
w
et(Mθ ×K K,Zp(w)) ⊗OK OK [1/DK ], is isomorphic to
eθ(⊗wTpE)
as free eθ(⊗wOK [1/DK ] ⊗ Zp)-modules of rank 1, with Gal(K/K)-action on
eθ(⊗wTpE) given by the Hecke character ψθ,p.
Proof. Observe first that TpE is isomorphic as Galois modules to H
1
et(h
1(E)×K
K,Zp(1)) = Hom(TpE,Zp(1)) by the use of Weil pairing but the isomorphism
change the action of OK to its conjugate.
The claim that eθ(⊗wTpE) is a free module of rank 1 follows because TpE is
a free OK⊗Zp ∼= OK [1/DK ]⊗Zp-module of rank 1 and then eθ ·(TpE⊗. . .⊗TpE)
is a free eθ · (⊗w(OK [1/DK ]⊗ Zp))-module of rank one.
Now, consider the natural action of GK := Gal(K/K) on H
1
et(h
1(E) ×K
K,Zp(1)). Since GK acts on the Tate module by the Hecke character ϕp :
GK → (OK ⊗ Zp)∗, so it acts on H1et(h1(E)×K K,Zp(1)) by ϕp. Using
Hw((h1(E)×K K)w,Zp(w)) = H1(h1(E)×K K,Zp(1))⊗w
and taking our idempotent, the action is given by eθ(⊗wϕp) = ψθ,p.
Twisting by l + 1 we get for p ∤ DK that the integral p-adic realization for
Mθ(w+l+1) is isomorphic to eθ(⊗wTpE)(l+1) withGK-action on eθ(⊗wTpE)(l+
1) given by ψθ,p multiplied by the l+1-th power of the p-adic cyclotomic char-
acter.
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The Betti realization for the motive MθQ(w+ l) named H
w
B (MθC,Q(w+ l))
is isomorphic to eθ(⊗wH1B(E(C),Q(1)))(l), we remember that we fixed once
and for all an immersion for K ⊆ C. E(C) is the set of closed points with the
analytic topology. We have
⊗wZ (H1B(E ×K C),Z(1)) ⊗OK OK [1/DK ]
a ⊗wOK [1/DK ]-module of rank 1 and taking the idempotent eθ we obtain
eθ(⊗wH1B(E ×K C),Z(1))⊗OK OK [1/DK])(l),
a Oθ-module of rank 1 which is the submodule of HwB (MθC,Q(w + l)) corre-
sponding to HwB (MθC,Z(w + l)))⊗OK OK [1/DK].
Now, we are going to study the L-function that corresponds to the p-adic
representation MθQp = H
w
et(MθQ ×K K,Qp) of MθQ.
The Tamagawa number conjecture describes conjecturally special values of
the L-function for the motive and this L-function involves the product of all
Euler factors (one for every non-arquimedian place), but for the p-part of this
conjecture, Kato reformulates the conjecture in terms of the partial L-function
avoiding a non-vanishing finite set of Euler factors, more concretely the finite
set contains the Euler factors coming from the primes above p and the primes
where the motive has bad reduction (see [20, Proposition 7.8], or [2, Chapter 1]
for an overview, and see remark 2.5 for these no-vanishing in our setting).
Let S be the set of places of K that divide fθ or p. Define as usual
LS(MθQ, s) :=
∏
l/∈S
detQp(1 − FroblN l−s|M IlθQp)−1
where Frobl means the geometric Frobenius, Il the inertia group at l and N l
the norm NK/Ql.
Our goal is to compute this determinant and to relate it to the local factors
of the L-function of the Hecke character ψθ that is defined by
LS(ψθ, s) :=
∏
l/∈S
(1− ψθ(l)
N ls
)−1.
Recall that the operation of the decomposition group Dp for p ∤ p on
H1et(h
1(E) ×K K,Qp) is given by the operation of ϕ−1|K∗p , and hence Dp op-
erates on MθQp via ψ
−1
θ . On one hand, the inertia group Ip acts non-trivially
if and only if p divides the conductor fθ. On the other hand, for p ∤ fθ, the
geometric Frobenius Frp at p acts via ψθ(p). We obtain hence the following
result.
Lemma 2.2 (Deninger, prop. 1.3.2.a [8]). Let l be a finite prime of K with
l ∤ pftheta, where fθ is the conductor of the Hecke character ψθ. Then
detTθ⊗Qp(1− FrlN l−s|M IlθQp) = (1 − ψθ(l)N l−s).
We impose some restrictions for our motive Mθ(w + l + 1) once and for all.
We suppose −w − 2l ≤ −3. Remember that, with the restriction that E is
defined over K, we have #|θ| = 2, and, in particular, we have Tθ ∼= K and for
p ∤ DK we have Oθ ⊗ Zp ∼= OK ⊗ Zp.
The L-function for MθQ can be described by using lemma 2.2 and by taking
the norm map.
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Lemma 2.3. Let l a prime of K such that l ∤ fθ and it is prime to p. We have
then the following equality
detQp(1− FrlN l−s|M IlθQp) = (1− ψθ(l)N l−s)(1− ψθ(l)N l−s).
As a corollary we obtain a generalization of a result of Deuring.
Theorem 2.4. Let S be the set of the primes on K dividing fθ and primes
dividing p. Then:
LS(MθQ, s) = LS(ψθ, s)LS(ψθ, s).
Remark 2.5. The p-adic realization Vp := MθQp(w + l + 1) satisfies that the
local Euler factors
Pp(V
∗
p (1), 0) = Pp(ψθ,−l)
are different from 0 for all p ∈ S where V ∗p is the dual Galois module of Vp.
Hence, it satisfies the hypothesis of [19, conjecture 2.2.7].
To show this fact, suppose first that p|fθ. Then the inertia group acts non-
trivially on Vp, which is a one dimensional Oθ ⊗Q-module, and hence
Lp(ψθ, s) = 1
for all p|fθ, and in particular for s = −l.
If p divides p, then the result follows from the fact that any proper smooth
variety with good reduction at p satisfies it for weight reasons, and in particular:
detQp(1− FrpNpl|Hwet((E ×K K)w,Ql′)) 6= 0,
with l′ 6= p, and therefore, since the different idempotents eθ give a direct sum-
mand of the cohomology group Hw((E ×K K)w,Ql′),
Lp(ψθ,−l) 6= 0.
The motivic cohomology group Hw+1M (MθQ,Q(w + l + 1)) is the K-theory
group K2(w+l)−w+1(MθQ)(w+w+1) ⊗ Q where the K-groups are the Quillen K-
groups and the superscript denotes the Adam’s filtration on them.
We suppose recall that w−2(w+ l+1) ≤ −3. We have a Beilinson regulator
map,
rD : Hw+1M (MθQ,Q(w + l + 1))→ HwB (MθC,Q(w + l))⊗Q R,
and the Soule´ regulator map:
rp : H
w+1
M (MθQ,Q(w + l + 1))→ H1e´t(OK [1/S],MθQp(w + l + 1)).
The p-part of the Tamagawa number conjecture claims in particular that
rD ⊗Q R and rp ⊗Q Qp are isomorphisms. Deninger in [8][7] constructs a Q-
subspace HconstrM of H
w+1
M (MθQ,Q(w + l + 1)) such that rD ⊗ R restricted to
HconstrM ⊗QR is an isomorphism. The term weak in the formulation of the p-part
of the Tamagawa number conjecture means that this conjecture is proved using
the space HconstrM instead of H
w+1
M (MθQ,Q(w + l + 1)).
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3 The Beilinson conjecture for Hecke characters
In this section we review the work on the Beilinson conjecture for the motive
MθQ(w + l + 1) done by Deninger in [8], under the language of the Tamagawa
number conjecture.
Theorem 3.1 (Deninger, Theorem 1.4.1 [8]). Let w = aθ + bθ ≥ 1. Consider
an integer l such that
−l ≤Min(aθ, bθ) if aθ 6= bθ
−l < aθ = bθ = w/2 otherwise.
Then the L-series L(ψθ, s) has a zero of order 1 at s = −l, (i.e. ords=−lL(ψθ, s) =
1).
Moreover, there exist an element ξθ in H
w+1
M (MθQ,Q(w + l+ 1)), such that
rD(ξθ) = lim
s→−l
L(ψθ, s)
s+ l
ηθ mod T
∗
θ
in the free rank one Tθ⊗R-module HwB (MθC,R(w+l)), where ηθ is a Tθ-generator
of HwB (MθC,Q(w + l)).
Let’s recall the construction of ξθ, following the results of Deninger. We
suppose once for all that l ≥ 0.
Fix an algebraic differential form ω ∈ H0(E,ΩE/K). Since we have complex
multiplication, we can write the period lattice as Γ = ΩOK , where Ω ∈ C∗
is the complex period. Fix an element γ in H1(E(C),Z) such that it is an
OK -generator, and satisfies
Ω =
∫
γ
ω.
By Poincare´ duality, we have that γ corresponds to ηγ , an OK-generator for
H1(E(C),Z(1)). Thus ηγ ⊗OK OK [1/DK] is an OK [1/DK]-generator for the
module H1(E(C),Z(1))⊗OK OK [1/DK ] which by abuse of notation we call also
ηγ . Consider now the Oθ-generator
ηθ := (2pii)
leθ(⊗wηγ)
of HwB (MθC,Z(w + l))⊗OK OK [1/DK ].
To construct ξθ, we will define a divisor on the torsion points of the elliptic
curve; its image by the composition of the Eisenstein map EM ([7, §8]) with the
Deninger projector map KM ([8, (2.8)]) will define our ξθ.
Remember that fθ is the conductor of the Hecke character ψθ associated with
Mθ, and denote by f a generator of fθ (it exists since cl(K) = 1). We have that
Ωf−1 ∈ f−1θ Γ
and that (Ωf−1) gives a divisor in Z[E[fθ ] \ 0] defined over K(E[fθ]). Since f
is the conductor of ψ and fθ|f, the divisor (Ωf−1) is defined also over K(E[f]).
We will define our divisor as
βθ := NK(E[f])/K((Ωf
−1)).
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Denote by ρθ a finite ide`le such that (ρθ) = fθ and vp(f
−1 − ρ−1p ) ≥ 0 for all
p | fθ.
If aθ 6≡ bθ mod |O∗K |, we obtain that ([8, p.142,(2.11)])
rD(KMEM(βθ)) = (−1)l−1
2l−1NK/Qf
w+2l
θ ψθ(ρθ)
(2l + w)!NK/Q(fθ)l+w
Φ(f)
Φ(fθ)
L′(ψθ,−l)ηθ,
where Φ(m) := |(OK/m)∗| for any ideal m of OK .
This is an analog for Mθ(w + l+ 1) of [22, thm.1.2.2], which corresponds to
the case h1(E)(1 + l+ 1).
Theorem 3.2 (Deninger, §2 [8]). Suppose that aθ 6≡ bθ mod (#O∗K) and that
aθ, bθ, l satisfy the hypothesis of the theorem 3.1 with l ≥ 0. Define, by using
the previous notation,
ξθ,l :=
(−1)l−1 (2l + w)!Lp(ψθ,−l)
−1Φ(fθ)
2l−1NK/Qflθψθ(ρθ)Φ(f)
KM ◦E2l+wM (βθ) ∈ Hw+1M (MθQ,Q(w+ l+1)),
where Lp(ψθ, s) is the product of the Euler factors for the primes of K above p.
Then
rD(ξθ,l) = L∗S(ψθ,−l)eθ(⊗wηγ),
where S are the primes of K that divide fθp. Here L
∗
S(ψθ,−l) = lim
s+l→0
LS(ψθ, s)/(s+
l).
Definition 3.3. For aθ 6≡ bθ mod(#O∗K) we define
Rθ := ξθ,lOK .
Remark 3.4. Theorem 1.4.1 [8] is more general because it includes the situation
aθ ≡ bθ mod(#O∗K). But in this situation, Deninger defines a divisor β˜θ instead
of βθ which is not a norm of a positive divisor and moreover it contains the zero
point of E. Thus the techniques for constructing an Euler system of §5 can not
be applied in this case (see for example Theorem 5.1).
As a consequence of Theorem 3.2, we have that our submodule Rθ verifies
some integral version of the Beilinson conjecture for the motive Mθ(w + l + 1).
Theorem 3.5. The OK-submodule Rθ of Hw+1M (MθQ,Q(w + l + 1)) satisfies
that
detOK [1/DK ](rD(Rθ ⊗OK OK [1/DK ])) =
L∗S(ψθ,−l)detOK [1/DK ](HwB (Mθ,Z(w + l))⊗OK OK [1/DK ])
in detOK [1/DK ]⊗R((H
w
B (MθC,Z(w + l))⊗OK OK [1/DK ])⊗ R).
Proof. Observing that ηθ is a Oθ-base for the free Oθ-module
HwB (MθQ ×K C,Z(w + l))⊗OK OK [1/DK ]
of rank one, the result follows.
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Corollary 3.6. The submodule Rθ defined above satisfies the Beilinson conjec-
ture inside the p-part of the Tamagawa number conjecture for p ∤ DK , that is
Rθ satisfies the following conditions:
1. The map rD ⊗ R is a isomorphism when restricted to Rθ ⊗ R.
2. dimQ(H
w
B (MθC,Q(w + l))) = ords=−lLS(MθQ, s) = 2.
3. We have the following equality
rD(detZ[1/DK ](Rθ ⊗OK OK [1/DK ])) =
L∗S(MθQ,−l)detZ[1/DK ](HwB (Mθ,Z(w + l))⊗OK OK [1/D])
where L∗S(MθQ,−l) means lim
s→−l
L∗S(MθQ, s)/(s+ l)
2 (this makes sense by
using theorem 2.4 and theorem 3.1).
Proof. The first and the second conditions are clear for the dimensions of the
spaces involved in the Deligne regulator map, and the theorem 3.5. The third
condition comes from the previous theorem using the fact that, if we multiply an
Oθ-module with an element L∗S(ψθ,−l) in Oθ⊗R, the determinant is multiplied
by the norm
NOθ⊗R/R(L
∗
S(ψθ,−l)) = L∗S(ψθ,−l)L∗S(ψθ,−l) = L∗S(ψθ,−l)L∗S(ψθ,−l).
Using theorem 2.4, we obtain that this is equal to L∗S(MθQ,−l).
4 Iwasawa theory
We suppose once and for all that p ∤ #O∗K and p ∤ NK/Q(f), (in particular
p ∤ DK).
To simplify the notation, we will denote in the following by
MθZp(w + l + 1) = eθ(⊗w(H1et(E ×K K,Zp(1)))(l + 1)
the p-adic lattice for the p-adic realization of Mθ(w + l + 1).
Let Kn := K(E[p
n+1]) be the field of definition of the pn+1-torsion points of
E, On its ring of integers and letK∞ := lim→ Kn be its direct limit. Denote byOn
the ring of integers of Kn (respectively O∞). We know that ∆ := Gal(K0/K)
has order prime to p and Γ := Gal(K∞/K0) is isomorphic to Z2p.
Let G be the Galois group Gal(K∞/K); then G ∼= ∆× Γ.
We use now the notations on Iwasawa theory for imaginary quadratic fields
used in [22, §2.1] but with a different definition of elliptic units.
Let us define the elliptic units Cn,fθ in Kn which are more convenient for us.
For every ideal a of K prime to 6 we can define a theta function
θa : E \ ker([a]) −→ C
which has divisor N(a)(e)− ker([a]) (for the precise definition see [22, Theorem
4.2.2]). The function θa(z) is in fact a 12-th root of the function defined in [9,
II.2.4]. Let g be a fixed ideal of OK such that O∗K → (OK/g)∗ is injective, and
suppose that g divides the conductor f of the elliptic curve E. Let’s denote by
tg a generator for the E[g]-torsion points as OK-module, and let a be an ideal
prime to 6g.
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Definition 4.1. Let Cn,g be the subgroup of units generated over Z[Gal(Kn/K)]
by ∏
σ∈Gal(K(g)/K)
θa(t
σ
g + hn),
where a runs through all ideals prime to 6pf, K(g) is the ray class field defined by
g and hn is a primitive p
n+1-torsion point (i.e. a generator of the pn+1-torsion
points of E as OK-module). Define the group of elliptic units of Kn as
Cn,g := µ∞(Kn)Cn,g,
where µ∞(Kn) denotes the roots of unity in Kn.
Denote by Cn,g the closure in the local units Upn where Upn is the group of
local units of Kn ⊗K Kp which are congruent to 1 modulo the primes above p
where p is a prime of K above p. Define C∞,g := lim← Cn,g, and U
p
∞ := lim←
Upn
where the limit is taken with respect to the norm maps. Define also U∞ by
Up∞ × Up
∗
∞ if p = pp
∗ splits, and if p inert or ramified by Up∞. Let Yn be the
p-adic completion of (Kn ⊗Qp)∗ and Y∞ := lim← Yn.
Let us once and for all to specialize the elliptic units to g = fθ.
Recall that S denotes the set of primes of K which divide fθ or p, and that
S′ denotes the set of primes of K which divide p or the conductor f of the elliptic
curve E. Denote OS := OK [1/S] and Op := OK ⊗ Zp.
We are going to define a map in the spirit of Soule´:
(Soul)p : C∞,fθ ⊗Zp MθZp(w + l)→ H1(OS ,MθZp(w + l + 1)),
observe thatMθZp(w+ l) is unramified outside S, thus H
1(OS ,MθZp(w+ l+1))
makes sense.
Using the definition of MθZp(w)(l + 1), we have that
H1(OS ,MθZp(w + l+ 1)) = lim← H
1(OS , (eθ ⊗w E[pr+1])(l + 1)).
Define (Soul)p in the following way. Given (θr)r a norm compatible system of
elliptic units and an element (tr)r of lim←
(eθ(⊗wE[pr+1]))(l), we define
(Soul)p((θr ⊗ tr)r) := (NKr/K(θr ⊗ tr))r .
It is well defined: θr ⊗ tr is an element in
O∗r,S/(O∗r,S)p
r+1 ⊗ (eθ(⊗wE[pr+1]))(l) ⊂ H1(Or,S , (eθ(⊗wE[pr+1]))(l + 1))
where Or,S is Or[1/S] the ring of integers of Kr inverting the primes above S,
NKr/K denotes the norm map in cohomology and by Soule´’s Lemma 1.4 [26] one
gets an element in H1(OS ,MθZp(w + l+ 1)). The map (Soul)p factors thought
the coinvariants, denoted by (C∞,fθ ⊗MθZp(w + l))G .
Definition 4.2. The Soule´ elliptic elements are the elements in the image of
the map
(Soul)p : (C∞,fθ ⊗MθZp(w + l))G → H1(OS ,MθZp(w + l + 1))
where G = Gal(K(E[p∞])/K).
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We consider in the following the representation χ of the group ∆ given by
the action of ∆ in HomOp(MθZp(w + l),Op).
We are only able to apply the techniques on Iwasawa theory of [22] for certain
representations that we call good representation.
Definition 4.3. We say that such representation χ of the group ∆ is a good
representation if it satisfies two conditions in Iwasawa theory about isomorphism
between some concrete Iwasawa modules: (A) the Iwasawa main conjecture of
Rubin [22, Theorem 2.1.3] but replacing the elliptic units module there with the
elliptic module units Cχ∞,fθ and (B) from the inclusion U∞ ⊆ Y∞ we get thatUχ∞ ∼= Yχ∞ as Iwasawa modules for the Iwasawa ring lim← Zp[[Gal(Kn/K)]]
χ.
We observe that the elliptic units C∞,f, which are the ones that appear
in [25] and [22], satisfies the theorem of Iwasawa main conjecture of [24] for
any ∆-representation under the hypothesis of the theorem in [24] (personal
communication of Rubin).
When S = S′ we have C∞,fθ = C∞,f [9, Proposition II.2.5], therefore the
Iwasawa main conjecture (condition (A)) is true from Rubin’s theorem [24][25]
for p splits and for p inert when χ is non trivial on the decomposition group ∆p
of p in ∆.
Condition (B) is always true if p splits [22, Lemma 2.1.6]. If p is inert or
ramified, the representation χ satisfies condition (B) if Zp[∆/∆p]χ = 0 (see [22,
lemma 2.1.6]), moreover because p is a prime over which E has good reduction
we have ∆p = ∆ [22, Lemma 2.2.9], thus condition (B) is true if χ is non-trivial.
Remark 4.4. We guess that the Iwasawa main conjecture [22, Theorem 2.1.3]
is also true without the condition S = S′ for our elliptic units and our character
χ, so such a character should be good if it just verify condition (B). In the next
section we prove that Cχ∞,fθ is a rank 1 Iwasawa module and we construct an
Euler system there. Using this and [9, Lemma III.1.10], it should be possible to
prove the Iwasawa main conjecture for χ using the techniques in [25].
Lemma 4.5. Suppose that ψθ has infinite type (aθ, bθ) with aθ 6≡ bθ mod(#O∗K).
Suppose also that p splits, and that (aθ − bθ, p− 1) = 1. Then S = S′.
Proof. Let v be a prime of K dividing f. Let v0 be a prime of K0 dividing v.
Denote by ∆v0 the stabilizer of v0 in K0. We have then that Iv0 ⊂ ∆v0 ⊂ ∆
acts non-trivially in the Tate module TpE via the Hecke character ϕp. Hence,
Iv0 acts on eθ(⊗wTpE) via ψθ,p|Iv0 = ϕaθ−bθp , as Iv0 lies in the kernel of the
p-adic cyclotomic character (v is prime to p). Since p splits, we have that
#∆ = (p−1)2, and since (aθ− bθ, p−1) = 1, ϕaθ−bθp acts non-trivial on Iv0 .
Lemma 4.6. Suppose that p splits in K and suppose that p− 1 ∤ aθ + l + 1 or
p − 1 ∤ bθ + l + 1 or p − 1 ∤ aθ − bθ. Then χ, as ∆-representation, is not the
cyclotomic representation.
Proof. The character χ is equal to (ψθκ
l)−1 where κ is the cyclotomic character.
Since p is split in K, we have that p = pp∗, with p 6= p∗. Let ∆p be the Galois
group Gal(K(E[p])/K); it is a subgroup of the decomposition group since p
is totally ramified in ∆p. Observe that MθZp has multiplication isomorphic to
OK⊗Zp and, as p splits, it decomposes in two idempotents. These idempotents
decompose the Hecke character ψθ,p = ψΩ1 ⊕ ψΩ2 , see [12] for more details. It
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is known that ψΩ1 |∆p = κbθ (see for example [12, §2.5]), so we get that our
character is different from κ as long as #∆p = p − 1 ∤ bθ + l + 1, since κ is a
generator for the character group of ∆p.
Using the same kind of argument for p∗ instead of p we obtain a similar
divisibility result but with aθ instead of bθ. Thus, we obtain the cyclotomic
character only in the case that p− 1 | aθ + l + 1 and p− 1 | bθ + l + 1.
Similar argument for ψΩ2 , we obtain the same simultaneous arithmetic con-
ditions, i.e. p− 1|l+ bθ+1 and p− 1|aθ+ l+1 in order to obtain the cyclotomic
character. We refer to [13, p.220,pp.223-234] for more details on the characters
ψΩ1 and ψΩ2 .
Next theorem is the analog of [22, Theorem 2.2.12] in our situation.
Theorem 4.7. Suppose that p is an odd prime, prime to NK/Qf and to #O∗K .
Let the ∆-representation χ on HomOp(MθZp(w + l),Op) be a good representa-
tion. Then the map (Soul)p induces an isomorphism of Op-modules
detOp((C
χ
∞,fθ⊗OpMθZp(w+l))⊗LOp[[Γ]]Op) ∼= detOp(RΓ(OS ,MθZp(w+l+1)))−1.
Proof. In order to prove the theorem one can follow the same steps as in the
proof of [22, Theorem 2.2.12], but with MθZp(w) instead of TpE. The only
results that need some work are [22, Proposition 2.2.13] and [22, Lemma 2.2.16]
(see [2, §3.4] for a detailed proof). We will show next the necessary steps to
prove these two results.
Let us prove the analog of [22, Proposition 2.2.13]:
detOp(RΓ(G, H0(K∞ ⊗Qp,MθZp(w + l + 1)′))∗) ∼= Op
and
detOp(RΓ(G, H0(O∞,Sp ,MθZp(w + l + 1)′))∗) ∼= Op,
where M ′ denotes HomOp(M,Op ⊗ Qp/Zp(1)) and M∗ = HomOp(M,Op ⊗
Qp/Zp).
It follows from [12, prop. 2.4.6], that the action of G on MθZp(w + l) is via
the character
ψθ,p : G → (Oθ ⊗ Zp)∗,
multiplied by the l-th power of the p-adic cyclotomic character.
Then it induces a surjection of Op-modules ρ : Op[[Γ]] → MθZp(w + l) by
the action described above. Thus ker(ρ) is an ideal of height 2 because Γ ∼= Z2p.
We know that detR is determined by the ideals of height 1 for the ring R (cf.
[19, 2.1.4]). We are going to show that this implies that
detOp(MθZp(w + l)⊗LOp[[G]] Op) ∼= Op. (1)
In fact, since ∆ is finite and G ∼= Γ×∆, we have the isomorphism
MθZp(w + l)⊗LOp[[G]] Op ∼= (MθZp(w + l))∆ ⊗LOp[[Γ]] Op.
Since we know that ker(ρ) has height 2, we have that detOp[[Γ]]((MθZp(w +
l))∆) ∼= Op[[Γ]] and so detOp((MθZp(w+ l))∆⊗LOp[[Γ]]Op) ∼= Op. This shows (1).
We conclude by using [22, Lemma 2.2.6].
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Now, we show the analog of [22, Lemma 2.2.16]: the restriction map induces
isomorphisms
detOp(H
0(∆, RΓ(O0,Sp ,MθZp(w + l+ 1))) ∼=
detOp(H
0(∆, RΓ(O0,S ,MθZp(w + l + 1)))) ∼= detOp(RΓ(OS ,MθZp(w + l+ 1))).
To show this consider the exact triangle
RΓ(O0,Sp ,MθZp(w + l + 1))→ RΓ(O0,S ,MθZp(w + l + 1))
→ ⊕v0∈S\SpRΓk(v0)(Ov,MθZp(w + l))[1]
where Ov0 is the local ring at v0 and Sp is the set of places that divide p.
Since TpE is unramified at the places of K0 in S \ Sp, the same is true for
eθ(⊗TpE)(l + 1). By the purity theorems in e´tale cohomology we have that
RΓk(v0)(Ov0 ,MθZp(w + l + 1)) ∼= RΓ(k(v0),MθZp(w + l))[−2].
It remains to prove only that
H0(∆,⊕v0∈S\SpRΓ(k(v0),MθZp(w + l)) = 0.
To show this result, observe that
H1(k(v0),MθZp(w + l))
∼=MθZp(w + l)Gal(k(v0)/k(v0))
and H0(k(v0),MθZp(w + l)) = 0 because −w − 2l ≤ −3.
Now, let v0 be a prime of K0 dividing v a prime of K with v|fθ and let ∆v0
be the stabilizer of v0. Since Iv0 ⊂ ∆v0 acts non trivially on the coinvariants
MθZp(w + l)Gal(k(v0)/k(v0)) because v0 | fθ, there are no fix elements.
5 The comparison between the map rp and (Soul)p
in the constructible K-elements
Let’s start recalling the result of Kings on the specialization of the elliptic poly-
logarithm sheaf, which is an important key in his proof of the Tamagawa number
conjecture.
Let E be an elliptic curve over a base scheme T , and denote by pi : E → T the
structural morphism, which is proper and smooth. Consider U = E \ e, where
e is the zero section of E. Consider the elliptic polylogarithm sheaf PolQp on
U , which is a lisse pro-sheaf (i.e. a projective limits of lisse sheaves) [22, §3.2].
Let HQp := HomT (R1pi∗Qp,Qp). Using PolQp one defines the p-adic Eisen-
stein classes associated to any integer k and anyM -torsion point t in E different
from e as some elements in H1(T, SymkHQp). The definition is extended by lin-
earity to any divisor supported onM -torsion points ([22, Def. 3.5.9]). The main
part of the result of Kings is the explicit computation of these Eisenstein classes.
We are going to explain this result. Consider Hn := ker[p
n] as a scheme
over T . Let us consider the map multiplication by pn, pn : En → E, where
En is the elliptic curve E over T considered as a Hn-torsor over E. Consider
the characteristic group I[Hn] := ker(pn,∗Z → Z), which is the characteristic
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group of a torus THn . In this situation we have the connecting map δ from the
Kummer exact sequence:
δ : H0(Hn, THn)→ H1(Hn, THn [pr]). (2)
Using this connecting morphism, we can express the Eisenstein classes explicitly.
Theorem 5.1 (Kings, theorem 4.2.9 in [22]). Let p be a prime number, and let
E be an elliptic curve over a base scheme T where p is invertible.
Let β be any divisor in E of the form
β :=
∑
t∈E[M ](T )\e
nt(t),
nt an integer and consider [a] : E → E any isogeny with degree prime to Mp.
Then, for any m > 0, the p-adic Eisenstein class
Na(a⊗mNa− 1)(β∗PolQp)m ∈ H1(T, SymmHQp(1))
is given by
± 1
m!
(δ
∑
t∈E[M ](T )\e
nt
∑
[pn]tn=t
θa(−tn)t˜n⊗m)n
where t˜n is the projection of tn to E[p
n] and δ is the Sym-extension of the
boundary map H0(Hn, THn) → H1(Hn, THn [pr]) where Hn := ker[pn] is con-
sidered as a scheme over T and THn is the torus with character group I[Hn] :=
ker(pn,∗Z→ Z).
The following result relates the image of EmM(β) by the Soule´ regulator map
with the polylogarithmic sheaf, where EmM is the Eisenstein symbol [22, §1.2.1].
Theorem 5.2. Under the same hypothesis of Theorem 5.1, let β be as in the
previous theorem. Then
rp(EmM(β)) = −M2m(β∗PolQp)m
in H1(T, SymmHQp(1)).
Proof. The same proof of [22, Theorem 1.2.5] with m instead of 2k + 1 works.
See also [2, proof Theorem 3.5.2].
We are going to apply these results to the divisor βθ = NK(f)/K((t)), where
t := Ωf−1 is a fθ-torsion point. Take M = NK/Qfθ, m = w + 2l, T = OS
and HQp = TpE ⊗ Qp, using the notations of the theorem 5.1. Let a ⊂ OK be
an ideal prime to 6pf, and consider the isogeny given by ϕ(a). Let θa be the
classical theta function.
To simplify the notation, define for any t˜r ∈ E[pr]
γ(t˜r)
m :=< t˜r,
√
dK t˜r >
⊗m
where <,> denotes the Weil pairing. Our objective is the computation of
KM ◦ Ew+2lM (βθ).
Remember that we are under the restriction aθ 6≡ bθ mod(#O∗K).
We consider the following commutative diagram [8, (2.8)]
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H2l+w+1M (Sym
2l+wh1E,Q(w + 2l + 1))
((∆CM )
l×id)∗
−→ H2l+w+1M (E
l+w,Q(2l +w + 1))
KM ↓ ↓ pr∗
Hw+1M (MθQ,Q(w + l + 1))
eθ
←− Hw+1M (h
1(E)⊗w,Q(l + w + 1)),
where pr is the projection in the last w components and ∆CM : E → E × E is
given by e 7→ (e,√dKe). We obtain a map in Galois cohomology given by
H1(OS , Sym2l+wHQp(1))→
H1(OS , (eθSymwHQp)(l + 1)) = H1(OS ,MθQp(w + l + 1))
such that
KM(ϕp(a)⊗2l+wSym2l+wHQp(1)) = eθ(⊗wϕp(a))NalSymwHQp(l + 1).
Theorem 5.3. Let p be a prime number such that p ∤ 6NK/Q(f). Let θ be
an idempotent with infinity type (aθ, bθ) which aθ 6≡ bθ mod (#O∗K). For a
prNK/Q(fθ)-torsion point tr, denote by t˜r its projection to E[p
r]. Then, if t =
Ωf−1, we have the following equality
Na
(
ψθ,p(a)Na
l+1 − 1) rp(ξθ,l) =
(−1)lLp(ψθ ,−l)
−1NTθ/Qf
3l+2w
θ Φ(fθ)
2l−1ψθ(ρθ)Φ(f)
·(
(
δNK(f)/K
∑
prtr=t
θa(−tr)⊗ eθ(⊗
w
t˜r)⊗ γ(t˜r)
l
)
r
Proof. Using theorems 3.5, 5.1 and 5.2, we have that
rp(ξθ,l) =
(−1)l−1(2l+ w)!Lp(ψθ,−l)−1Φ(fθ)
2l−1NTθ/Qf
l
θψθ(ρθ)Φ(f)
KM(E2l+wM (β))
=
(−1)l(2l + w)!Lp(ψθ,−l)−1NTθ/Qf3l+2wθ Φ(fθ)
2l−1ψθ(ρθ)Φ(f)
KM(β∗PolQp)w+2l.
We have that
KM(t˜r⊗2l+w) = eθ(⊗w t˜r)⊗ γ(t˜r)l.
Finally, applying Kings’ theorem 5.1, we obtain the desired identity.
We want to rewrite the previous formula in terms of the norm map of the
extension K(fθ)K(E[p
n])/K. We will work with f instead of fθ since then we
can use that K(E[pnf]) = K(pnf), the ray class field, because f is the conductor
of E and divides the ideal fpn ([9, II, Prop.1.6]).
Fix a prime p of K where E has good reduction, and take pi = ϕ(p). Denote
by
Hpr,t := {tr ∈ E[prf]|pirtr = t}.
Let σp be the Frobenius at p inGal(K(f)/K), we write tr = (t˜r, pi
−rt) ∈ E[prf] =
E[pr]⊕ E[f], where pi−rt means tσ−rp .
Consider the filtration of Hpr,s defined by
F ir,t := {tr ∈ Hpr,s|pir−i t˜r = 0}.
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Theorem 5.4. Let p be as above and tr = (t˜r, pi
−rt) ∈ F 0r,s \F 1s,t. Suppose that
O∗K → (OK/fθ)∗ is injective. Denote the Euler factor of the Hecke character
ψθ at p evaluated at −l by Lp(ψθ,−l). Then
Lp(ψθ,−l)−1

NK(f)/K ∑
sr∈Hpr,t
θa(−sr)⊗ eθ(⊗ws˜r)⊗ γ(s˜r)l


r
=
(NK(prf)/K
(
θa(−tr)⊗ eθ(⊗w t˜r)⊗ γ(t˜r)l
)
)r
in H1(OS , eθ(TpE(1))(l)⊗Qp) for all a relatively prime to pf.
Proof. The identification HomOp(TpE,Op) ∼= TpE(−1) is via the conjugate
linear Op-action on the right side. Hence ϕ(p)tr = tr−1. We have the equality
(ψθ(p)/Np
−l)iNK(prf)/K(pr−if)(θa(−tr)⊗ eθ(⊗w t˜r)⊗ γ(t˜r)l) =
NK(prf)/K(pr−if)(θa(−tr)⊗ eθ(⊗wϕ(p)
i
t˜r)⊗ γ(ϕ(p)it˜r)l) =
(NK(prf)/K(pr−if)(θa(−tr)))⊗ eθ(⊗w t˜r−i)⊗ γ(t˜r−1)l) =
θa(−(t˜r−i, pii−rt))⊗ eθ(⊗w t˜r−i)⊗ γ(t˜r−i)l,
where the last equality uses the distribution relation for θa ([9, II 2.5]).
The Galois group of K(pr−if)/K(f) acts simply transitively on F ir,t \ F i+1r,t .
We get that
(ψθ(p)/Np
−l)iNK(prf)/K(f)(θa(−tr)⊗ eθ(⊗w t˜r)⊗ γ(t˜r)l) =∑
tr−i∈F ir,t\F i+1r,t
θa(−(t˜r−i, pii−rt))⊗ eθ(⊗w t˜r−i)⊗ γ(t˜r−i)l.
We know by [9, Prop. II.2.4.ii)] that we have the equality θa(−(t˜r−i, pii−rt)) =
θa(−(t˜r−i, pi−rt))σip with σp is the Frobenius at p in the Galois group ofK(f)/K.
This and the fact that NK(f)/K is the sum over all Galois translates, which act
trivially on t˜r−i, gives that
(ψθ(p)/Np
−l)iNK(prf)/K(θa(−tr)⊗ eθ(⊗w t˜r)⊗ γ(t˜r)l) =
NK(f)/K

 ∑
tr−i∈F ir,t\F i+1r,t
θa(−(t˜r−i, pi−rt))⊗ eθ(⊗w t˜r−i)⊗ γ(t˜r−i)l

 ,
Adding these equalities with respect to i and increasing r if necessary we get
the result.
Lemma 5.5. Suppose that θ has infinity type (w, 0) or (0, w) and (#O∗K , w) =
1. Then
O∗K → (OK/fθ)∗
is injective.
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Proof. Let u be and element in O∗K , u 6= 1 and consider the ide`le defined by
x∞ = 1 and xp = u at all finite places p of K. Then as complex Hecke character
ϕw(x) = ϕw(u−1x) = uw 6= 1 if (w,#O∗K) = 1. So, by definition of the
conductor of ψθ, we obtain that u 6≡ 1(mod fθ), hence the result for the type
(w, 0). For the type (0, w) the proof is similar but with ϕ instead of ϕ.
Corollary 5.6. Suppose p ∤ 6NK/Q(f), O∗K → (OK/fθ)∗ is injective and the
hypothesis of theorem 5.3. Then
Na(ψθ,p(a)Na
l+1 − 1)rp(ξθ,l) =
±NK/Q(fθ)
3l+2wΦ(fθ)
2l−1ψθ(ρθ)Φ(f)
δ
(
NK(E[pr])K(f)/Kθa(−tr)⊗ eθ(⊗w t˜r)⊗ γ(t˜r)l
)
r
=
±NKQ(fθ)
3l+2w
2l−1ψθ(ρθ)
· δ (NK(E[pr])K(fθ)/Kθa(−tr)⊗ eθ(⊗w t˜r)⊗ γ(t˜r)l)r
where tr is a primitive p
rfθ-torsion point with p
rtr = t and a is relative prime
to pf.
Proof. If p is inert or prime the first equality is deduced from the previous
theorem. If p split, it decomposes in a p part and a p∗ part. Putting together
the previous result with p and with p∗, we have the first equality.
To show the second equality, consider
NK(E[pr])K(f)/K(E[pr])K(fθ)θa(−tr) =∏
σ∈Gal(K(f)K(E[pr ])K(pr)/K(fθ)K(E[pr])K(pr))
θa(−tr)σ
becauseK(f) is disjoint withK(pr) overK sinceK = K(1), andK(f) = K(E[f])
is disjoint with K(E[pr]) over K. Moreover, since θa(−tr) ∈ K(f)K(pr) =
K(fpr) and (f, p) = 1, we have that the norm is equal to∏
τ∈Gal(K(fpr)/K(fθpr))
θa(−tr)τ .
But θa(−tr) ∈ K(fθpr) because −tr is a point of fθpr-torsion. To obtain the
second equality we need to show that Φ(fθ)Φ(f) #(Gal(K(f)/K(fθ))) is one. We
have Φ(fθ)Φ(f) #(Gal(K(f)/K(fθ))) =
Φ(fθ)
Φ(f)
[K(f):K(1)]
[K(fθ):K(1)]
, we are in Galois extensions.
Observe that Φ(fθ)Φ(f)
[K(f):K(1)]
[K(fθ):K(1)]
= Φ(fθ)Φ(f)
Φ(f)
wf
wK
Φ(fθ)
wfθ
wK
where wK are the roots of unity
of K and wm are the roots of unit of O∗K congruent to 1 modulo m, by class field
theory (see [9, p.36]). And is equal to one because O∗ → (OK/m)∗ is injective
for m = fθ by hypothesis, and for m = f (Lemma 5.5 or [25, Corollary 5.9]).
Now we want to show that the elements
(NK(E[pr])K(fθ)/Kθa(tr)⊗ eθ(⊗w t˜r)⊗ γ(t˜r)l)r
generate (Cχ∞⊗MθZp(w+l))Γ, where a is prime to 6pf and χ is the representation
of ∆ on HomOp(MθZp(w + l),Op), that we suppose a good representation.
We suppose from now on that the natural map O∗K → (OK/fθ)∗ is injective,
assumption also needed to define our elliptic units.
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Proposition 5.7. Consider p ∤ 6NK/Q(f) and a an ideal in Op, which is prime
to 6pf and such that ψθ,p(a)Na
l+1 6≡ 1(mod p). Then the Op[[Γ]]-module
Cχ∞,fθ ⊗Op MθZp(w + l)
is generated by (θa(tr)⊗eθ(⊗w t˜r)⊗γ(t˜r)l)r, where tr is a primitive prfθ-division
point.
Remark 5.8. The existence of an ideal a satisfying the conditions of the propo-
sition 5.7 is equivalent to the condition that the ∆-representation χ is not the
cyclotomic representation.
Proof. Observe first that eθ(t˜r)⊗γ(t˜r) generatesMθZp(w+ l), becauseMθZp(w)
is one dimensional and concerning how it generates Zp(l) use the same proof
did in [22, p.623].
Remember that we have an inclusion of Cχ∞,fθ in U∞ the local units Iwasawa
module, which is torsion free [25, Prop.11.4], thus Cχ∞,fθ is a torsion free Op[[Γ]]-
module. Is enough to show that is one dimensional. Let b be another ideal prime
to 6pf. Take σa = [a,Kn/K] and σb = [b,Kn/K]. Then, by the properties of
the theta function, we have that
(σa − ψθ,p(a)Nal+1)(θb(tn)⊗ eθ(⊗w t˜n)⊗ γ(t˜n)l) =
ψθ,p(a)Na
l(θb(tn)
σa−Na ⊗ eθ(⊗w t˜n)⊗ γ(t˜n)l) =
ψθ,p(a)Na
l(θa(tn)
σb−Nb ⊗ eθ(⊗w t˜n)⊗ γ(t˜n)l).
Then, it is enough show that (σa − ψθ,p(a)Nal+1) is invertible in Op[[Γ]]. But
the element σa corresponds to 1 on Op/p and thus σa−ψθ(a)Nal+1 is invertible
in Op[[Γ]] because 1 6≡ ψθ(a)Nal+1 mod p.
Corollary 5.9. Assume that p ∤ 6NK/Qf. Then the image of Rθ by rp in the
cohomology group H1(OS ,MθZp(w + l+ 1))⊗Qp coincides with
(Soul)p((Cχ∞,fθ ⊗MθZp(w + l))Γ).
Proof. As
N f3l+2wθ /2
l−1ψθ(ρθ)
is prime to p, it follows from the definition of (Soul)p and Corollary 5.6.
Lemma 5.10. The canonical map
(C∞,fθ⊗MθZp(w+l))⊗LOp[[G]]Op → (C∞,fθ⊗MθZp(w+l))G ∼= (C
χ
∞,fθ⊗MθZp(w+l))Γ
is an isomorphism and moreover (Cχ∞,fθ ⊗MθZp(w + l))Γ ∼= Op.
Proof. We observe that the proof of proposition 5.7 shows that Cχ∞,fθ ∼= Op[[Γ]]
is a free Op[[Γ]]-module of rank 1. This implies, as in [22, lemma 5.2.3], that
(Cχ∞,fθ ⊗MθZp(w + l))Γ ∼= Op. The claim follows since the previous module is
induced and hence the higher Tor-terms vanish.
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Corollary 5.11. The map
Rθ ⊗ Zp → RΓ(OS ,MθZp(w + l + 1)⊗Qp)[1]
induced by rp, gives an isomorphism
detOpRθ ∼= detOpRΓ(OS ,MθZp(w + l + 1))−1
Before stating the next theorem, let us recall all the hypothesis we used
during the paper and that we will need:
(⋄⋄⋄) Let p be a fix prime such that p ∤ 6NK/Qf (hence, in particular p ∤ (#O∗K),
and p ∤ DK). Consider l a non-negative integer. Let (aθ, bθ) be the in-
finite type of ψθ, with aθ, bθ non-negative integers with w = aθ + bθ ≥ 1
such that aθ 6≡ bθ mod(#O∗K) and −w − 2l ≤ −3. Assume that O∗K →
(OK/fθ)∗ is injective. Suppose moreover that the representation χ of ∆ in
HomOp(H
w
e´t(Mθ ×K K,Zp(w+ l)),Op) is a good representation (see the defini-
tion in 4.3) which is not equal as ∆-representation to the cyclotomic represen-
tation.
Theorem 5.12. Under the hypothesis (⋄ ⋄ ⋄) above, there is an OK-submodule
Rθ ⊂ Hw+1M (MθQ,Q(w + l + 1)) of rank 1 such that:
1. detOK [1/DK ](rD(Rθ ⊗OK OK [1/DK ])) ∼=
L∗S(ψθ,−l)detOK [1/DK ](HwB (MθC,Z(w + l))⊗OK OK [1/DK ])
in detOK [1/DK ]⊗R(H
w
B (MθC,Z(w + l))⊗OK OK [1/DK ]⊗ R).
2. The map rp induces an isomorphism
detOK⊗Zp(Rθ) ∼= detOK⊗Zp(RΓ(OK [1/S],MθZp(w + l + 1))−1.
Here
L∗S(ψθ,−l) = lim
s→−l
LS(ψθ, s)
s+ l
,
and S is the set of primes of K dividing p and the ones dividing fθ.
Moreover, if rp is injective on Rθ, the second part can be written as
detOK⊗Zp(H
1(OK [1/S],MθZp(w + l + 1))/rp(Rθ)) ∼=
detOK⊗ZpH
2(OK [1/S],MθZp(w + l + 1)).
Proof. It is a direct consequence of the theorem 3.5 and the above corollary
5.11.
After taking the norm NK/Q, we obtain the following result.
Theorem 5.13. Under the assumption (⋄ ⋄ ⋄) above, there is a Z-submodule
Rθ in Hw+1M (MθQ,Q(w + l + 1)) of rank 2 such that:
1. The map rD ⊗ R is an isomorphism restricted to Rθ ⊗ R.
2. dimQ(H
w
B (MθC,Q(w + l))) = ords=−lLS(MθQ, s) = 2.
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3. We have the equality
rD(detZ[1/DK ](Rθ ⊗OK OK [1/DK ])) =
L∗S(MθQ,−l)detZ[1/DK ](HwB (MθC,Z(w + l))⊗OK OK [1/DK])
where
L∗S(MθQ,−l) = lim
s→−l
LS(MθQ, s)
(s+ l)2
and S is the set of places of K that divides p and the places dividing the
conductor fθ.
4. We have that
detZp(Rθ ⊗ Zp) = detZp(RΓ(OK [1/S],MθZp(w + l + 1)))−1.
If rp is injective on Rθ, then rp(detZp(Rθ⊗Zp)) is a basis of the Zp-lattice
detZp(RΓ(OK [1/S],MθZp(w + l + 1)))−1
⊂ detQp(RΓ(OK [1/S],MθZp(w + l + 1)⊗Q)[−1]).
Remark 5.14. Theorems 5.12 and 5.13 imply the weak p-part of the Tamagawa
number conjecture for Hecke characters [19] for K or Q coefficients respectively,
up to the finiteness of H2p := H
2(O[1/S],MθZp(w + l + 1)) and the bijectively
of the Soule´ regulator map rp. Concerning these requirements, we have the
following.
1. If p is a regular prime for the field K(E[p]), then H2p is finite [3]. More-
over without any assumption, one obtains that for almost all l this Galois
cohomology group is finite [21, Theorem 12.4] or [4].
2. About the bijectively of the Soule´ regulator map observe if H2p is finite,
similar arguments as in [22, §5.2.2] implies the injectivity for (Soul)p and
therefore rp is injective on Rθ⊗Qp by corollary 5.9. Therefore rp restricted
to Rθ ⊗Qp is an isomorphism [18, cor. 1].
Therefore for regular primes p, we obtain in full generality the weak p-part of
the Tamagawa number conjecture for Hecke characters of imaginary quadratic
fields.
6 The remaining Tate twists
6.1 The remaining non-critical twists
The value of the L-function at zero for Mθ(w + l + 1) with −w − 2l < −2 is
related with the first non-zero coefficient of the Taylor development at −l of the
L-function associated to ψθ by the use of the functional equation of L-functions.
The non-critical values associated to the Hecke character ψθ (we restrict to the
situation aθ 6≡ bθ(mod|O∗K |)) are the integers l such that −l ≤ min(aθ, bθ) where
aθ, bθ are associated to the Hecke character ψθ (see [8, Theorem 1.4.1])
The general formulation of the Tamagawa number conjecture at the non-
critical values following [19] assumes w+ l+1 > w [19, Conjecture 2.2.7] because
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then one avoids the poles in the bad Euler factors, and therefore the assumption
l ≥ 0. But, for Mθ(w + l + 1), there are no poles in the bad Euler factors, see
Remark 2.5. Thus, we can study the Tamagawa number conjecture for l < 0
using only the regulators maps.
In this section we construct elements in K-theory for Mθ(w + l + 1) with
0 < −l ≤ min(aθ, bθ) and we study the image of these elements by the Beilinson
regulator map and the Soule´ regulator map, obtaining the weak p-part of the
Tamagawa number conjecture.
Deninger [8, pp.142-144] already constructed elements in K-theory for the
motive Mθ(w + l + 1) with l < 0 non-critical and obtains their image by the
Beilinson regulator map, proving the Beilinson conjecture. He constructed these
elements inK-theory by use of a projector map KM without using complex mul-
tiplication. The problem of his construction is that the Weil pairing appearing
in §5 to a E[pr]-torsion point t˜r, γ(t˜r) =< t˜r, t˜r > is trivial and the arguments
through §5 does not generalize in order to construct an Euler system to control
the image by the Soule´ regulator map. We modify Deninger’s projector map
by K′M (we use now complex multiplication), and we construct the elements in
K-theory using K′M and we reobtain Beilinson’s conjecture. With this modifica-
tion the arguments in the p-part of the weak Tamagawa number conjecture, i.e.
the image by the Soule´ regulator map of these K-theory elements §4,§5, apply
straightforward obtaining the weak p-part of the Tamagawa number conjecture
for l < 0, Theorems 6.3, 6.4.
6.2 Modification of Deninger’s projector map. Beilinson
conjecture revisited.
Let us fix w ≥ 1 and l < 0 such that −w − 2l ≤ −3 with 0 < −l ≤ min(aθ, bθ)
and let us consider the motive Mθ(w + l + 1). With the fixed embedding we
have ϑ = (λ1, . . . , λw) ∈ θK and set I1 = {i|λi ∈ HomK(K,C)} and I2 =
{i|λi /∈ HomK(K,C)} and we have now that 0 < |l| ≤ #I1 = aθ and 0 <
|l| ≤ #I2 = bθ, where |l| is the absolute value. Denote by ∆ = id1 × id2 :
E → E × E the diagonal map and by ∆CM = id1,CM × id2,CM : E → E × E
given by e 7→ (e, (√dK)e) where we understand
√
dK ∈ End(E). Let us choose
exactly #|l| elements in the sets I1 and I2, denote their in increasing order
i1, . . . , i|l| ∈ I1 and j1, . . . , j|l| ∈ I2. Let us define the projector map pr :
Ew+l → Ew+2l by the projection of the first w + 2l-components of Ew+l and
define (id×∆|l|) : Ew+l → Ew (which it depends of the choice in the sets I1 and
I2) by (e1, . . . , ew+2l, ew+2l+1, . . . , ew+l) 7→ (eα1 , . . . , eαw) where eαs is defined
as follows:
• if αs appears in one component of the set of tuples L := {(i1, j1), . . . , (i|l|, j|l|)}
then
eαs :=
{
id1(ew+2l+m) if αs = im
id2(ew+2l+m) if αs = jm
,
• in the other case, then it is defined by eαs := en˜ with 1 ≤ n˜ ≤ w+2l such
that αs = n˜+
∑
1 where the sum runs the naturals that appear in some
component of the elements of L and which are lower than αs.
We define the map (id × ∆|l|CM ) similar as (id × ∆|l|) but replacing idi by
idi,CM .
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The projector map K′M is defined by the commutative diagram
H2l+w+1M (Sym
2l+wh1E,Q(w + 2l + 1))
pr∗
−→ H2l+w+1M (E
2l+w+|l|,Q(2l + w + 1))
K′M ↓ ↓ (id×∆
|l|
CM )∗
Hw+1M (MθQ,Q(w + l + 1))
eθ
←− Hw+1M (h
1(E)⊗w,Q(l +w + 1)).
Deninger defines a projector map KM with a similar diagram as for our K′M
but replacing the map (id×∆|l|CM )∗ by the map (id×∆|l|)∗.
Let us choose the element in Hw+1M (MθQ,Q(w + l + 1))
Υθ := K′ME2l+wM (NK(E[f])/K((Ωf−1))),
where E2l+wM is the Eisenstein symbol, f a generator of fθ, Ω the period of E
and (Ωf−1) means the divisor in Z[E[fθ] \ 0].
The next result is a modification of Deninger’s result [8, pp.143-145].
Theorem 6.1. Suppose aθ 6≡ bθ mod (#O∗K) with aθ, bθ ≥ 0, l < 0, w = aθ+bθ,
with −w − 2l ≤ −3 and −l ≤ min(aθ, bθ). Define, up to sign,
ξθ,l :=
(
√
dK)
2l(2l + w)!Lp(ψθ,−l)−1Φ(fθ)
2−1NK/Qflθψθ(ρθ)Φ(f)
Υθ
which belongs to Hw+1M (MθQ,Q(w+ l+1)) where Lp(ψθ,−l) means the product
of the Euler factors of the primes above p of K at −l (is well defined by Remark
2.5), and ρθ is the ide`le of K such that vq(ρ
−1
q − f−1) ≥ 0 for q | fθ and
vq(ρq) = 0 in the other primes q. Then
rD(ξθ,l) = L∗S(ψθ,−l)ηθ,
where S are the set of primes of K that divide fθp, ηθ is an OK [1/DK ]-basis for
HwB (MθC,Z(w + l))⊗OK OK [1/DK ] and L∗S(ψθ,−l) = lims+l→0 LS(ψθ,s)s+l .
Proof. We will follow closely Deninger’s papers [7] and [8], we follow also in
this proof his notation where his n is our w + 2l. Deninger defines the element
ξθ,l from KME2l+wM (NK(E[f])/K((Ωf−1))) instead of Υθ. We modify only the
calculation in [8, (2.13)Lemma] for K′M instead of KM. One obtains (up to
sign)
1
(2pii)w
∫
Ew
K˜′D(ξ˜) ∧ dz(ε) =
Bε
√
dK
|l|
(
n
n+ |l| − |ε|
)−1
A(Γ)n+|l|cn+|l|−|ε|
see the calculation at the top of [7, p.63]. To precise the sgn we should control
the chosen order of the factors of the map (id ×∆|l|CM ), but for our interest is
unnecessary. Then the argument [8, p.143-144] applies in our situation obtain-
ing,
rD(Υθ) = tθL∗(ψθ,−l)ηθ
where tθ is given by
2−1NK/Qf
l
θψθ(ρθ)Φ(f)
(
√
dK)2l(2l+w)!Φ(fθ)
(up to sign). By Remark 2.5 we can
introduce the Euler factors above p in the constant factor tθ, obtaining the
statement.
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6.3 The weak Tamagawa number conjecture for l < 0
Following §3 we define for l < 0 the constructible module by
Rθ := ξθ,lOK ,
where ξθ,l is defined in theorem 6.1. Let us observe that with this notation we
can follow straightforward all the results and proofs of §3 and §4. In §5 we need
to compute K′M ◦ Ew+2lM (NK(E[f])/K(Ωf−1)). We remember that we suppose
once and for all that p ∤ DK . Denote by e = (t˜r)r and element of the Tate
module TpE where t˜r ∈ E[pr] a pr-torsion point for E.
Lemma 6.2. The realization on Galois cohomology of the projector map K′M
has the property, K′M(t˜r
⊗2l+w
) = eθ(⊗w t˜r)⊗γ(t˜r)l where γ(t˜r) =< t˜r,
√
dK t˜r >.
Proof. Observe first that the projector map K′M is eθ ◦(id×∆|l|CM )∗◦pr∗. Let us
take δ∗ := (id×∆|l|CM )∗◦pr∗ and observe that its transpose δ∗ = pr∗◦(id×∆|l|CM)∗
is part of the definition of KM = eθ ◦ δ∗ with l := |l| > 0 given at [22]. We
want only to study these projector maps on the Galois cohomology. Denote by
HQp the e´tale realization of h1(E)(1) and observe that there is an isomorphism
H∗Qp(1) ∼= HQp , since (h1(E)(1))∗ = h1(E)(−1) ∼= h1(E)(1)(−1) = h1(E). The
map δ∗ is given by
H1(OS , Sym2l+w(HQp)(1))→ H1(OS , Symw(HQp)(l + 1)),
and because the map δ∗ is the transpose for the map δ∗, up to Tate twist by
w + l, it is represented by global Tate duality by,
H1(OS , Symw(HQp)∗(−l − 1)(1))→ H1(OS , Sym2l+w(HQp)∗(−1)(1)).
Is known [22] that
δ∗(lim
←−
r
(⊗2l+w t˜r)) = lim
←−
r
((⊗w t˜r)γ(t˜r)l)
write this equality also by δ∗(⊗w+2lv) = (⊗wv)γ(v)l. Take now the dual map
by Hom(,Zp) and with the identification TpE ∼= Hom(TpE,Zp(1)), we obtain
(⊗wv(−1))γ(v)−l 7→ ⊗w+2lv(−1)
twisting now by w + l we arrive to the definition for δ∗ and,
δ∗(⊗wv) 7→ (⊗w+2lv)γ(v)−l.
Now take this equality at level r, w = w+2l, l = −l, and apply the idempotent
eθ to finish.
After the lemma 6.2 all the results of §5 and the proofs of §5 follow straight-
forward up to a power of 2 and DK , (the reader could make these modifications
which follow only from our definition of Rθ). Therefore we obtain the weak p-
part of the Tamagawa number conjecture with K-coefficients and Q-coefficients,
under standard hypothesis from Iwasawa theory for imaginary quadratic fields:
(***) Let p be a fix prime such that p ∤ 6NK/Qf. Suppose that ψθ has infin-
ity type (aθ, bθ) with aθ, bθ non-negative integers, such that aθ 6≡ bθ mod(#O∗K)
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and w = aθ + bθ ≥ 1 verifies −w − 2l ≤ −3 with l < 0 and −l ≤ min(aθ, bθ).
Suppose that O∗K → (OK/fθ)∗ is injective. Suppose moreover that the repre-
sentation χ of Gal(K(E[p])/K) in HomOp(H
w(Mθ ×K K,Zp(w + l)),Op) is a
good representation which is not equal as ∆-representation to the cyclotomic
representation.
Theorem 6.3. Assume hypotheses (***). Then, there is an OK-submodule
Rθ ⊂ HM of rank 1 such that:
1. detOK [1/DK ](rD(Rθ ⊗OK OK [1/DK ])) ∼=
L∗S(ψθ,−l)detOK[1/DK ](HwB (MθC,Z(w + l))⊗OK OK [1/DK ])
in detOK [1/DK ]⊗R(H
w
B (MθC,Z(w + l))⊗OK OK [1/DK ]⊗ R).
2. The map rp induces an isomorphism
detOK⊗Zp(Rθ) ∼= detOK⊗Zp(RΓ(OK [1/S],MθZp(w + l + 1))−1.
Here
L∗S(ψθ,−l) = lim
s→−l
LS(ψθ, s)
s+ l
,
and S is the set of primes of K dividing p and the ones dividing fθ.
Moreover, if rp is injective on Rθ, the second part can be written as
detOK⊗Zp(H
1(OK [1/S],MθZp(w + l+ 1))/rp(Rθ)) ∼=
detOK⊗ZpH
2(OK [1/S],MθZp(w + l + 1)).
Theorem 6.4. Suppose hypotheses (***).
Then, there is a Z-submodule Rθ in HM of rank 2 such that:
1. The map rD ⊗ R is an isomorphism restricted to Rθ ⊗ R.
2. dimQ(H
w
B (MθC,Q(w + l))) = ords=−lLS(MθQ, s) = 2.
3. We have the equality
rD(detZ[1/DK ](Rθ ⊗OK OK [1/DK ])) =
L∗S(MθQ,−l)detZ[1/DK ](HwB (Mθ,Z(w + l))⊗OK OK [1/DK])
where
L∗S(MθQ,−l) = lim
s→−l
LS(MθQ, s)
(s+ l)2
and S is the set of places of K that divides p and the places dividing the
conductor fθ.
4. We have that
detZp(Rθ ⊗ Zp) = detZp(RΓ(OK [1/S],MθZp(w + l + 1)))−1.
If rp is injective on Rθ, then rp(detZp(Rθ⊗Zp)) is a basis of the Zp-lattice
detZp(RΓ(OK [1/S],MθZp(w + l + 1)))−1
⊂ detQp(RΓ(OK [1/S],MθZp(w + l + 1)⊗Q)[−1]).
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7 Some explicit examples
Observe first if we consider the Hecke character associated to the idempotent
eθ with infinite type (1, 0), then, Theorem 5.12 is exactly [22, Theorem 1.1.5]
(hypothesis (⋄⋄⋄) for the infinite type (1, 0) coincides with the ones that appears
in [22, Theorem 1.1.5] , use [22, Corollary 2.2.11], Lemmata 4.5, 4.6, 5.5 and
comments after Definition 4.3).
Let us give examples of Hecke characters of infinite type different to (1, 0).
In the following, take E the elliptic curve y2 = 4x3 − 4x defined over K = Q(i)
and the eθ’s are defined from this fixed E. E is an elliptic curve with CM by
Z[i], and for p ≥ 5 we have p ∤ 6NK/Qf.
Let us consider eθ with infinite type (a, b) satisfying a 6≡ b(mod 2), a > b ≥ 0
and −(a + b) − 2l ≤ −3 with −l ≤ b. Take p such that it splits in Q(i)
and p − 1 > max(3, a − b). We have that eθ and p satisfy all the hypothesis
(⋄ ⋄ ⋄) and (∗ ∗ ∗), with the exception of the condition (A) in Definition 4.3,
(use Lemma 4.6 and with a similar proof done for Lemma 5.5 one obtains that
(Z[i])∗ → (Z[i]/fθ)∗ is injective if (#O∗K , a−b) = 1). We impose (a−b, p−1) = 1
to ensure that eθ and p satisfy the condition (A) (see Lemma 4.5). For such eθ
and p we obtain the conclusion of theorems 5.12, 5.13, 6.3 and 6.4.
For an explicit example take eθ1 with infinite type (3, 0) and p = 5, then all
hypothesis (⋄⋄⋄) are satisfied and moreover p = 5 is a regular prime for Q(i) (see
[28, p.33]) therefore by theorem 5.13 (and remark 5.14) we get the weak 5-part of
the Tamagawa number conjecture for the dual of the motiveMθ1(3+l+1) twisted
by 1 (the special value for the motiveM is the special value L(M, 0), and in our
formulation we get the special value L(ψθ,−l) = L((Mθ(w + l + 1))ˇ (1), 0)). By
use of the functional equation between the motive and its dual twisted by 1 and
good compatibilities, one should obtain the 5-part of the Tamagawa number
conjecture for the motive Mθ1(3 + l + 1) for any l ≥ 0.
For another explicit example, take eθ2 with infinity type (a, b) = (3, 2) and
p = 5, and we get the weak 5-part of the Tamagawa number conjecture for
(Mθ2(3 + 2 + l + 1))ˇ (1) for l ≥ −1 by theorems 5.13 and 6.4.
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